Abstract-Recently, there has been a lot of attention on the constructions of optical queues by using optical Switches and fiber Delay Lines (SDL). In this paper, we consider the constructions of optical queues with a limited number of recirculations through the fibers in such SDL constructions. Such a limitation on the number of recirculations comes from practical feasibility considerations, such as crosstalk, power loss, amplified spontaneous emission (ASE) from the Erbium doped fiber amplifiers (EDFA), and the pattern effect of the optical switches.
I. INTRODUCTION
It is well recognized that one of the most critically sought after technologies in all-optical packet switching is the constructions of optical queues for contention resolution among packets competing for the same resources in the optical domain. Recently, there has been a lot of attention in the literature (see e.g., [1] - [23] and the references therein) on the constructions of optical queues by using optical Switches and fiber Delay Lines (SDL) to route the optical packets to the right place at the right time so as to achieve exact emulations of the optical queues. These SDL constructions of optical queues include including output-buffered switches in [3] - [6] and [10] , first-in first-out (FIFO) multiplexers in [3] and [7] - [11] , FIFO queues in [12] - [13] , priority queues in [14] - [16] , and linear compressors, non-overtaking delay lines, and flexible delay lines in [17] - [19] .
However, there are some important practical feasibility issues of concern that need to be addressed in the SDL constructions of optical queues. As pointed out in [24] - [26] , crosstalk due to power leakage from other optical links, power loss experienced during recirculations through the optical switches and the fiber delay lines, amplified spontaneous emission (ASE) from the Erbium doped fiber amplifiers (EDFA) that are used for boosting the signal power, and the pattern effect of the optical switches, among others, lead to a limitation on the number of times that an optical packet can be recirculated through the optical switches and the fiber delay lines. If such an issue is not taken into consideration during the design of optical queues, then for an optical packet recirculated through the optical switches and the fiber delay lines for a great number of times, there is a good chance that it can not be reliably recognized at the destined output port due to severe power loss and/or serious noise accumulation even if it appears at the right place and at the right time. As such, SDL constructions of optical queues with a limited number of recirculations through the fibers is a very important practical design issue.
For certain optical queues, including 2-to-1 FIFO multiplexers, linear compressors, and linear decompressors, the delay x of a packet is known upon its arrival and the routing of the packet is according to the C-transform [9] C(x) = (I 1 (x), I 2 (x), . . . , I M (x)) (a generalization of the well-known binary representation) of the packet delay x with respect to the M -sequence d
The problem arises if there is a limitation on the number k of recirculations through the M fibers due to the practical feasibility considerations mentioned above. If k < M, then a packet routed through more than k of the M fibers can not be reliably recognized at the destined output port. As such, in such situations the buffer size (for 2-to-1 FIFO multiplexers) or the maximum delay (for linear compressors and linear decompressors) is given by the maximum representable integer B(d In [9] , it was shown that under a simple packet routing policy, the feedback system in Figure 1 
We note that the condition in (A2) is stronger than the condition in (A1) as it has been shown in [9] 
satisfy the condition in (A2), then they also satisfy the condition in (A1). 
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Furthermore, it was shown in [18] that if the condition in (A1) holds, then the construction in Figure 2 Regarding the self-routing policy for the above two queues, suppose that the delay of a packet arriving at time
where 
The problem arises if there is a limitation on the number k of recirculations through the M fibers in order to ensure that a packet can be reliably recognized at the destined output port. In such situations, the buffer size (for 2-to-1 FIFO multiplexers) or the maximum delay (for linear compressors and linear decompressors) is given by the largest positive integer such that each of the nonnegative integers not exceeding it has a C-transform with the number of 1-entries less than or equal to k as a packet with delay one more than this largest positive integer will be routed through more than k fibers and hence can not be reliably recognized at the destined output port. We call such a largest positive integer the maximum representable integer with respect to d 
B(d
For obvious reasons, we also define B(d
Note that from Theorem 2 we have B(d
satisfies the condition in (A1).
As we are most interested in the constructions of these optical queues with as large buffer size/maximum delay as possible, the optimal constructions (in the sense of maximizing the buffer size/maximum delay) of these optical queues with a limited number of recirculations through the fibers is equivalent to the integer representation problem of constructing an M -sequence that achieves the largest possible maximum representable integer.
In this paper, we focus on a class of greedy constructions of the M -sequence d 6 , so that there is at most one nonzero entry in {I 1 (x), I 2 (x), I 3 (x)} and there is at most one nonzero entry in {I 4 (x), I 5 (x), I 6 (x)} for as many consecutive nonnegative integers x as possible. For example, we can choose
, there is at most one nonzero entry in {I 1 (x), I 2 (x), I 3 (x)} and there is exactly one nonzero entry in {I 4 (x), I 5 (x), I 6 (x)} (specifically, I i (x) = 1). It follows that such a construction guarantees that B(d A better construction, called a greedy construction in this paper, can be described as follows. We still divide the construction into two parts as in the direct construction above. As such, Table II , we see that B(d 6 1 ; 2) = 17, which is larger than 16 in the direct construction above. We can now describe our greedy constructions in a general setting. For M ≥ 1 and 1 ≤ k ≤ M , let n 1 , n 2 , . . . , n k be positive integers such that 
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where
In other words, we divide the construction into k parts. For the (i + 1) th part, where
given by (5) by using sequences of positive integers n 1 , n 2 , . . . , n k such that 
We call such a construction a greedy construction. Intuitively, it is expected that such greedy constructions possess certain optimal properties. Indeed, in Theorem 9 (in Section IV) we will show that every optimal construction (in the sense of achieving the largest possible maximum representable integer) is a greedy construction.
Note that for M = 1, we have
As it is easy to see that B (1, 2, . . . , n; 1) = n for all n ≥ 1, it follows from (5) that
. . .
where In such a nontrivial case, there must exist some 1 ≤ i ≤ k such that n i ≥ 2 as otherwise we will have n 1 = n 2 = · · · = n k = 1 and
. . , n k be positive integers such that n 1 = 1 and
M are generated by n 1 , n 2 , . . . , n k by using (5) , and h 1 , h 2 , . . . , h M are generated by m 1 , m 2 , . . . , m k by using (5) .
The proof of Theorem 4 is omitted due to the space limit (for proof, see [27] ).
In the following theorem, we derive an explicit recursive expression for the M -sequence d 
Furthermore, the M -sequence d
M 1 satisfies the condition in (A2), and we have
Theorem 5 tells us that if the M -sequence d Figure 1 is given by (5), then it satisfies the condition in (A2) and hence the feedback system in Figure 1 can be operated as a 2-to-1 FIFO multiplexer with buffer B(d
d si under the constraint that each packet can be routed through at most k of the M fibers by using the packet routing policy in [9] .
We need the following three lemmas for the proof of Theorem 5. Due to space limit, their proofs are omitted but can be found in [27] . d 1 , d 2 , . .
Lemma 6 Let

. , d n be a sequence of positive integers satisfying the condition in (A2). Suppose that i
We remark that the condition that = max{1 ≤ ≤ n : (6) and (7) , and suppose that
Then we have
Proof. (Proof of Theorem 5) Clearly, it follows from (5) that Therefore, we have proved that (6) and (8) hold.
In the following, we show by induction that (7) and (9) hold, and the sequence d 1 , d 2 
, . . . , d si+j satisfies the condition in
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(A2) for all 1 ≤ i ≤ k − 1 and 1 ≤ j ≤ n i+1 . From (5) with i = 1 and j = 1, and from (11) with i = 1 and j = 0, we have (8) and (6) . Therefore, (7) holds for i = 1 and j = 1. It then follows from Lemma 7 that the sequence d 1 , d 2 , . . . , d s1+1 satisfies the condition in (A2), and (8) and (6) . As such, (9) also holds for i = 1 and j = 1. Now assume as the induction hypothesis that (7) and (9) hold up to some 1 ≤ i ≤ k − 1 and 1 ≤ j ≤ n i+1 , where s i + j < M, and the sequence d 1 , d 2 , . . . , d si+j satisfies the condition in (A2). We need to consider the following two cases:
In this case, we have 2 ≤ j +1 ≤ n i+1 . It follows from (5) and the induction hypothesis that
We then have from Lemma 7 that the sequence d 1 , d 2 , . . . , d si+j+1 satisfies the condition in (A2), and
As it is easy to see from the induction hypothesis that (12) holds up to i, it follows from (14),
Case 2. j = n i+1 : Note that as we assume that s i + j = s i+1 < M, we have i ≤ k − 2 in this case. In this case, we have s i + j + 1 = s i+1 + 1, and it follows from (5), the induction hypothesis, and Lemma 7 that
If n i+1 = 1, then s i+1 − 1 = s i . As such, we have from the induction hypothesis, Lemma 7, and (5) that
As we also have d si+1 = 2d si from the induction hypothesis, it follows from (16) and s i+1 = s i + 1 that
On the other hand, if n i+1 ≥ 2, then n i+1 − 1 ≥ 1 and from the induction hypothesis we have
By combining (15), (17), and (18), we have
which is the desired result. Again, we have from Lemma 7 that the sequence
. . , d si+1+1 satisfies the condition in (A2), and
follows from the induction hypothesis. We have completed the induction and the theorem is proved.
IV. AN OPTIMAL CONSTRUCTION IS A GREEDY CONSTRUCTION
For M ≥ 1 and 1 ≤ k ≤ M , let B(M, k) be the the largest possible maximum representable integer B(d
We call the construction of an M -sequence
In the following, we will show that every optimal construction is a greedy construction. Note that for M = 1, the only sequence satisfying the condition in (A2) is d 1 = 1, which is also the only sequence generated by (5) as we have shown in Section III. As there is only one construction in this case, the optimal construction is also the greedy construction. For M ≥ 2 and k = M , it is easy to see that the optimal construction is given by d *
In this case, we have shown in Section III that
is the only possible sequence generated by (5) , and it then follows that the optimal construction is also the greedy construction. As such, in the following theorem we only consider the nontrivial case with M ≥ 2 and 1 ≤ k ≤ M − 1, and show that every optimal construction is a greedy construction.
In other words, every optimal construction is a greedy construction.
Theorem 5 implies that an optimal construction d * M 1 in Figure 1 that achieves the maximum buffer size among
, we know that the size of A M grows at least with 2 M −1 (exponential growth). Also, it is easy to see that the number of k-sequences (n 1 , n 2 , . . . , n k ) with n 1 ≥ 2, n 2 ≥ 1, . . . , n k ≥ 1 and
k−1 (polynomial growth). As such, the complexity of searching for an optimal construction can be greatly reduced from exponential time to polynomial time by only considering the greedy constructions instead of performing an exhaustive search. Proof. (Proof of Theorem 9) We divide the proof into five parts.
(
and it follows that there exists an , where
. , , and h = B(M, k)
This leads to h ≤ h +1 ≤ 2h . It is also easy to see from
It follows that the integers 0, 1, 2, . . . , B(M, k) are representable with at most k of the integers h 1 , h 2 , . . . , h by using the C-transform.
. . , h M will not be used in the representation of the integers 0, 1, . . . , B(M, k) by using the C-transform. As such, we have B(h
As a result, we have
and we have reached a contradiction.
Let
then it follows from Lemma 6 that
By repeating the above procedure for k − 1 times, we have
for i = 1, 2, . . . , k−1. From (20) and (21), it is easy to deduce by induction on i that
Suppose on the contrary that s 1 = 1. We will show by induction on i that s i = i for all i = 1, 2, . . . , k. As such, it follows from k ≤ M − 1 that s k = k = M , and we have reached a contradiction.
Assume that
will not be used in the representation of an integer less than d * i+1
by using the C-transform.
. . . 
V. CONCLUSION
In this paper, we considered the constructions of optical queues by using optical Switches and fiber Delay Lines (SDL) with a limited number of recirculations through the fibers. Such a limitation on the number of recirculations comes from practical feasibility considerations, such as crosstalk, power loss, amplified spontaneous emission (ASE) from the Erbium doped fiber amplifiers (EDFA), and the pattern effect of the optical switches.
We first transformed the design of the fiber delays in such SDL constructions to an equivalent integer representation problem. We then gave a class of greedy constructions for the M -sequence d . Finally, we showed that an optimal construction that achieves the largest possible maximum representable integer can be given by a greedy construction. The results can be applied to the constructions of optical 2-to-1 FIFO multiplexers with a limited number of recirculations, and we showed that the complexity of searching for an optimal construction can be greatly reduced from exponential time to polynomial time by only considering the greedy constructions instead of performing an exhaustive search. Similar results can be obtained for linear compressors and linear decompressors with a limited number of recirculations.
